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INTRODUCTION

Planar optical waveguides where an optical wave
propagating through the core antiresonantly reflects
from the multilayer cladding (antiresonant reflecting
optical waveguides, ARROWs) have been widely stud-
ied and used since late in the 1980s. Use of ARROWs
at that time was aimed at considerably reducing the
electromagnetic energy leakage into the substrate with
a refractive index much higher than that of the core [1].
Since then, these waveguides have found wide applica-
tion in components of optical integrated circuits, such
as lasers, sensors, couplers, and polarizers. Simulta-
neously, a variety of numerical, analytical, and semian-
alytic methods have been developed to simulate
ARROW structures [2–9]. All the numerical methods
currently available are based on finding complex roots
of the dispersion relation with the transfer matrix,
which relates the wave function to its derivative in
boundary sections of the structure. This approach has
two significant drawbacks. First, computation of the
transfer matrix complex coefficients by directly multi-
plying the transfer matrices of individual layers causes
roundoff error accumulation and even a small distortion
of the dispersion relation coefficients introduces a seri-
ous error into the complex propagation constant. This
effect can qualitatively be explained as follows: the
presence of exponentially growing components in a
general solution to the initial differential problem
breaks the numerical stability of the matrix product, as
was rigorously proved in [10]. Second, numerical cal-
culation of the complex roots of the transcendental dis-

persion relation is very involved [7, 8]. Both difficulties
aggravate dramatically with increasing number 

 

N

 

 of
layers in the waveguide cladding; therefore, simula-
tions, as a rule, have been restricted to structures with
no more than five pairs of layers. At the same time, sim-
ulation of optical waveguides that contain tens and hun-
dreds of layers is becoming increasingly important in
view of advances in the ARROW technology. For
example, an efficient plasma-chemical deposition
method was used to fabricate oxynitride glass struc-
tures with a cladding consisting of more than 100 pairs
of layers [11]. The equations used to describe optical
ARROWs are also applicable to quantum states of elec-
trons in semiconductor heterostructures, e.g., coherent-
electron-transport cascade quantum lasers [12], which
may also contain several hundreds of cascade quantum
potential wells and barriers. In this paper, we propose a
new approach to characterize leaky waves in multilayer
optical waveguides and quantum states of electrons in
multilayer heterostructures with coherent electron
transport. This approach is synopsized in [13].

NEW APPROACH TO CALCULATION 
OF ATTENUATION COEFFICIENTS

This approach is convenient to set forth in terms of
the wave equation describing the variation of optical
wave components along the 

 

x

 

 coordinate, i.e., in the
direction orthogonal to the direction 

 

z

 

 of wave propaga-
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tion,

(1)

Here, 
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 is the transverse coordinate, 

 

k

 

(

 

x

 

) =

 = 

 

k

 

0

 

 is the transverse
wavevector of a planar waveguide with refractive index

 

n

 

(

 

x

 

), 

 

γ

 

 = 

 

β

 

 – 
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α

 

 is the longitudinal (generally complex)
propagation constant of the wave traveling in the 

 

z

 

direction with phase factor exp[

 

i

 

(

 

ω

 

t

 

 – 

 

γ

 

z

 

)], 

 

k

 

0

 

 = 

 

ω

 

/

 

c

 

 is
the wavevector of free space, 

 

n

 

eff

 

 is the effective refrac-
tive index, 

 

ω

 

 is the circular frequency 

 

c

 

 is the speed of
light in free space, and 

 

ψ

 

 = 

 

E

 

y

 

 for TE waves and 

 

H

 

y

 

 for
TM waves.

Propagation constant 

 

γ 

 

and its related effective
refractive index 

 

n

 

eff

 

 are eigenvalues of wave equation (1).
The true modes of the waveguide are real-valued solu-
tions to Eq. (1), which have the form of standing waves.
The behavior of these solutions (modes) depends on a
relationship between the effective index and index 

 

n

 

(

 

∞

 

)
of the medium around the waveguide (air, substrate,
etc.).

When 

 

n

 

eff

 

 > 

 

n

 

(

 

∞

 

), wavevector 

 

k

 

(

 

∞

 

) is a pure imagi-
nary and the physically meaningful component of the
solution exponentially decays at infinity; i.e., we are
dealing with ordinary propagating modes. A dispersion
relation yields a discrete spectrum of effective indices
of these modes.

When 

 

n

 

eff

 

 < 

 

n

 

(

 

∞

 

), wavevector 

 

k

 

(

 

∞

 

) is real and real
solutions at infinity have the form of standing waves,
which can be represented as a superposition of two
counterpropagating waves,

(2)

where 

 

R

 

 =  and 

 

S

 

 = . These solutions can-

not be normalized, because they do not vanish at infin-
ity. They are referred to as radiating modes, since they
carry away (dissipate) the energy of the wave in the
transverse direction. Simultaneously, the same amount
of energy comes from the outside. The corresponding
solutions are regarded as having no physical meaning,
because they include a wave incoming from infinity.
However, these solutions can be used to accurately cal-
culate the attenuation of weakly radiating modes.

The spectrum of radiating modes is continuous, i.e.,
contains an infinite number of such modes. Each value
of effective index 

 

n

 

eff

 

 < 

 

n

 

(

 

∞

 

) can be assigned to a par-
ticular radiating mode. When the waveguide core is suf-
ficiently wide, these modes (waves) are almost plane.
The wider the core, the smaller the portion of the wave
energy that is dissipated in the transverse direction

d2ψ
dx2
--------- k x( )[ ] 2ψ+ 0.=

n x( )[ ] 2k0
2 γ2– n x( )[ ] 2 neff

2–

ψ x( ) A k ∞( )x[ ]cos B k ∞( )x[ ]sin+=

=  Reik ∞( )x Se ik ∞( )x– ,+

A iB–
2

--------------- A iB+
2

---------------

 

(e.g., through the multilayer cladding) and the lower the
attenuation coefficient.

At fixed waveguide dimensions and frequency 

 

ω 

 

of
the optical wave, the attenuation constant 

 

α

 

 versus
effective index dependence may exhibit sharp minima,
which correspond to the longest-lived modes. These
modes are called leaky modes. The goal of our calcula-
tion is to determine the spectrum of these modes.

The traditional approach to characterization of leaky
modes at 

 

n

 

eff

 

 < 

 

n

 

(

 

∞

 

) ignores waves incoming from
infinity in (2), leaving only outgoing waves like

(3)

The solutions then becomes complex-valued, and
the roots of the dispersion relation determine complex
propagation constant 

 

γ

 

 = 

 

β

 

 – 

 

i

 

α

 

 and effective index 

 

n

 

eff

 

of a leaky mode.
The solutions obtained have a discrete spectrum of

modes, but these are not true modes, because they can-
not exist without power delivery (excitation) even if the
material is perfectly lossless. However, these untrue
modes will aid us much in analysis of radiation losses,
with an accuracy the higher, the lower the losses. Thus,
the definition of radiation losses that relies upon real
part 

 

α 

 

of complex propagation constant 

 

γ

 

 of the leaky
mode is as approximate as nontrivial loss analysis pro-
posed in this paper, which identifies leaky waves with
the longest-lived radiating modes. This point should be
emphasized.

In the standard approach to evaluating the parame-
ters of a multilayer waveguide, which is based on mul-
tiplying the transfer matrices of individual layers [14],
a relationship is sought between the boundary wave
functions (intensities). The relationship found, together
with the condition that only outgoing waves exist, is
used to derive a transcendental dispersion relation in
complex propagation constant 

 

γ

 

 = 

 

β

 

 – 

 

i

 

α 

 

of the leaky
wave.

Recall the disadvantages of this method once again.
The multiplication of transfer matrices raises an error in
the coefficients of the dispersion relation, the roots of
which are very sensitive to this error. Qualitatively, this
is because the presence of exponentially growing com-
ponents in a general solution to the initial differential
problem breaks the stability of computation. Also, the
search for complex roots of a complicated transcenden-
tal equation is a challenge. Roots can be missed, solu-
tions may be false, etc. These difficulties aggravate dra-
matically with increasing number of waveguide layers.
We are unaware of publications in which leaky modes
are analyzed in waveguides with more than ten layers.

To avoid the above difficulties, we developed a new
method for calculating the leaky wave spectrum of mul-
tilayer waveguides [13]. In this method, real propaga-
tion constant 

 

β 

 

(effective index 

 

n

 

eff

 

 = 

 

β

 

c

 

/

 

ω

 

) and attenu-
ation coefficient 

 

α 

 

of radiating modes (2) are calculated
separately. Continuously varying the effective index

ψ x( ) Se ik ∞( )x– or ψ x( ) Reik ∞( )x.= =
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(the radiating mode spectrum is continuous), we find
the dependence α(neff) with minima corresponding to
leaky modes. Thus, the search for the roots of a compli-
cated transcendental equation on the complex plane is
replaced by a simpler problem of searching for local
minima of a real function of one variable. To implement
this idea, a new technique for calculating the attenua-
tion coefficient is necessary. The basic assumption
made in the standard approach to calculating the atten-
uation coefficient by solving the dispersion relation on
the complex plane is that the wave function (intensity)
in a waveguide that is homogeneous in the z direction
exponentially decays as z  ∞ and, consequently,
exponentially grows as z  –∞. It is clear that this
model is valid only when the attenuation coefficient is
smaller than the reciprocal wavelength.

Another model can also be proposed in this approx-
imation. Suppose that perfectly reflecting planes are
placed in the sections x = ±a of the waveguide at suffi-
ciently large distance a from its center that prevent elec-
tromagnetic energy leaking outside the system. The
problem then becomes well-posed and self-adjoint,
with the real eigenvalues and the eigenfunctions having
the form of standing waves (2), which are representable
as a superposition of two counterpropagating waves.
The energy transferred by either partial wave per unit
time is taken as the power radiated in the transverse
direction, i.e., the loss power. To substantiate this
assumption, we instantaneously remove the reflecting
planes to see that exactly this partial power will be
transferred through the open boundaries at the initial
instant. The results obtained with such an approach
coincide with published results obtained earlier by tra-
ditional methods, which adds to the validity of the
above approximation. It should be noted once more that
both methods of loss evaluation are approximate and
are applicable if the attenuation on the wavelength scale
is low.

EXACT DIFFERENCE SCHEME

The problem of finding modes of a multilayer planar
optical waveguide reduces to solving the stationary
wave equation (Schrödinger equation) for a medium
with a piecewise constant (graded) index (potential
energy) profile,

(4)

where kj =  is the transverse wavevector of a
jth section of the planar waveguide with constant
refractive index nj.

At the boundaries between layers with different
refractive indices, the following coupling conditions

d2ψ
dx2
--------- k j

2ψ+ 0,=

n j
2k0

2 γ2–

must be met:

(5)

where

The plus sign refers to the layer that lies in the pos-
itive direction from point j; the minus sign, to the one
lying in the negative direction.

In the case of electron waves in semiconductor het-

erostructures, µj = , where  is the effective mass

of an electron and m0 is the mass of a free electron. This
formula assumes that the waveguiding structure is
bounded by half-spaces with refractive indices ns and
nc, the positive x direction being from ns to nc.

For xj ≤ x ≤ xj + 1, a general solution to Eq. (4) can be
written as

(6)

where Rj =  and Sj = . Using coupling

conditions (5), one can obtain explicit expressions for
the coefficients of matrices Tj,

(7)

These coefficients relate wave function ψ to contin-

uous quantity ψ' =  in adjacent sections,

(8)

where dj = xj + 1 – xj is the thickness of layer j.

Multiplication of matrices Tj yields transfer matrix T,

ψ x j+( ) ψ x j–( ),
1
µ j

-----dψ
dx
-------

x j+

1
µ j 1–
----------dψ
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-------

x j–

,= =

µ j

1, for TE waves

n j
2– , for TM waves.




=
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Matrix T relates the wave function to its derivative
in the boundary sections,

(9)

where ψs = ψ1, ψc = ψN,  = , and  =

.

Setting ψ(x) = Rs  at x < x1 and ψ(x) =

Sc  at x > xN (i.e., assuming that only outgoing
waves, which decay when ik is real and positive, exist
in the bounding half-spaces), we can easily derive from
(6) a dispersion relation for complex longitudinal prop-
agation constant γ,

(10)

The roots of this equation, γ = β – iα, yield desired
real propagation constant β and attenuation constant α
of waveguide leaky modes. The above approach is
used, with slight variations, in most works devoted to
numerical simulation of modes in ARROW structures.

It should be noted that Eqs. (7) and (8) can be writ-
ten in terms of a difference scheme relating values
ψj − 1, ψj, and ψj + 1 of the wave function at three points,

(11)

This difference scheme is routinely applied to
approximate Eq. (1) subject to coupling conditions (2).

In addition, since   1 and

  1 as kd  0, scheme (8) in this

limit directly passes into the standard second-order dif-
ference scheme in max(dj) for Eqs. (4) and (5). How-
ever, unlike the standard scheme, the scheme being
considered is exact for a graded refractive index in the
transverse direction; i.e., it is algebraically equivalent
to Eqs. (7) and (8). It is in this sense that our finite-dif-
ference scheme can be considered exact. An important
advantage of writing Eqs. (7) and (8) in form (11) is that
Eqs. (11) subject to a variety of different boundary con-

ψc

µc
1– ψc'

T
ψs

µs
1– ψs'

,=

µs
1– ψs' µ1

1– ψ1' µc
1– ψc'

µN
1– ψN'

e
iks x x1–( )

e
i– kc x xN–( )

µc
1– ikct11 µs

1– µc
1– kskct12– t21 µc

1– ikst22+ + 0.=

µ j
1– k jd j

k jd j( )sin
----------------------

ψ j 1+ ψ j–
d j

-----------------------

– µ j 1–
1– k j 1– d j 1–

k j 1– d j 1–( )sin
---------------------------------

ψ j ψ j 1––
d j 1–

----------------------- 2
d j d j 1–+
---------------------

+ µ j
1– k j

2 k jd j/2( )tan
k jd j/2

----------------------------

+ µ j 1–
1– k j 1–

2 k j 1– d j 1– /2( )tan
k j 1– d j 1– /2

--------------------------------------- ψ j 0.=

k jd j

k jd j( )sin
----------------------

k j 1– d j 1– /2( )tan
k j 1– d j 1– /2

---------------------------------------

ditions can be solved by extremely efficient and numer-
ically stable methods intended for the solution of differ-
ence equations with tridiagonal matrices, in particular,
the adjoint counter sweep method.

In this work, we use scheme (11) to numerically
simulate two types of waveguide structures: asymmet-
ric structures with energy leakage into the substrate,
nc > β/k0 > ns (Fig. 1a), and symmetric structures with
energy leakage into both the cladding and substrate,
nc = ns > β/k0 (Fig. 1b). In both cases, arbitrary nonzero

values of wave function ψ0 and its derivative  are
specified in the section j = 0 at the waveguide–substrate
(half-space ns) interface. For the symmetric structures,
it suffices to perform calculations for half the structure
from the interface to the center of the core and specify
a zero wave function (for antisymmetric modes) or a
zero derivative of the wave function (for symmetric
modes) at the center of the core,

(12)

In the case of the asymmetric structures with total
internal reflection from the cladding, the wave function
decays in the cladding exponentially with exponent κ =

, so that the boundary condition on the
waveguide–substrate interface takes the form ψN –

κc  = 0. Using this condition to express the derivative
through its values at two adjacent points, we readily
obtain a difference boundary condition from Eqs. (7)

ψ0'

ψN 0 or ψN'
ψN kN 1– dN 1–( )cos ψN 1––

dN 1–
---------------------------------------------------------------= =

×
kN 1– dN 1–

kN 1– dN 1–( )sin
------------------------------------

µN 1–

µN

------------ 0.=

γ2 nc
2k0

2–

ψN'

x

(a)

(b)

nc ns

nsns

nj, dj

nj, dj

Fig. 1. Schematic representation of layers in (a) asymmetric
and (b) symmetric ARROWs.
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and (8),

(13)

Complementing system of equations (11) by bound-
ary conditions (12) or (13), we come to a closed system
of N linear algebraic equations in N unknowns with a
real symmetric tridiagonal matrix. The resulting system
can be advantageously solved by one of the methods
developed for such systems.

We solve this system of equations under the
assumptions that attenuation is absent (α = 0) and that
wave function ψN is real. Thus, a solution to wave equa-
tion (1) is sought in the form of standing waves, i.e., in
form (6) with real coefficients Aj and Bj and, accord-
ingly, complex conjugate coefficients Rj and Sj. As a
consequence of these assumptions, transverse

wavevectors kj =  take either real or imagi-
nary values and so all the coefficients of the systems
(11), (12) or (11), (13) are real. As a result, given trans-
verse propagation constant β and real values of wave
function ψ0 (or its derivative ) at the boundary, the
solution of the system (11), (12) or (11), (13) yields val-
ues of the wave function at all other points (sections) of
the waveguiding structure that are also real.

CALCULATION OF ATTENUATION

This approach implies that electromagnetic power is
supplied through one or both boundaries with the outer
half-spaces to provide lossless wave propagation. It is
clear that the supplied power is equal to the power radi-
ated by the wave into the environment. Let the latter
power per unit radiating area be denoted as Px and the
power transferred by the wave in the z direction inside
the waveguide (per unit length in the direction perpen-
dicular to the xz plane) Pz. Ratio Px(β)/Pz(β) = α has the
meaning of the attenuation coefficient of the given
mode and varies with β. Minima in the dependence
Px(β)/Pz(β) correspond to the longest-lived modes, for
which the conditions for antiresonant reflection from
the cladding of the ARROW are most favorable.

Thus, the complicated problem of searching for
complex roots of the transcendental dispersion relation
reduces to a much simpler problem of searching for
minima of a real function of one variable. Power Px

radiated by the wave into the substrate can be found by
applying the Poynting theorem to the wave function (3)

kN 1– dN 1–( )---cos

–
µN 1–

µN

------------κ cdN 1–

kN 1– dN 1–( )sin
kN 1– dN 1–

------------------------------------ ψN ψN 1–– 0.=

n j
2k0

2 β2–

ψ0'

component that corresponds to the leaky wave,

Rs ,

(14)

where Z0 is the impedance of free space. The power
density radiated into the cladding at β/k0 ≤ nc can be
found in a similar fashion. The power transferred by the
wave in the z direction in layer j of the waveguide is

(15)

where

The total power transferred by the wave is a sum of
all Pzj , Pz = .

It should be noted that Liu et al. [2] proposed a
method that makes it possible to calculate mode param-
eters in planar ARROWs without searching for the
roots of the dispersion relation on the complex plane.
This method assumes that the field in the half-spaces
outside the waveguide is described by standing waves.
Based on this assumption and the (complex) transfer
matrix method, approximate dispersion relations were
derived, all roots of which are real. Losses α associated
with energy leakage were found in [2] by numerical dif-
ferentiation of a transfer matrix element with respect
to β.

Our approach differs from that suggested in [2] in
two basically important points. First, instead of con-
structing a dispersion relation with the help of the com-
plex transfer matrix, we numerically solve the wave
equation by a stable real-valued exact finite-difference
method. Second, our method of calculating the leakage
power calculates attenuation coefficient α without
resorting to such procedures as numerical differentia-

e
iks x x1–( )

Px

ε0/2( )c ks/k0( )RsRs*

RsRs* ψ0
2 ψ0'

2
/ks

2+( )/4TE=

Z0ns
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2 n0

2/ns
2( )ψ0'

2
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2+[ ] /4TM,=









=
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β
k0
---- ψ2 x( ) xTEd

x j

x j 1+

∫

Z0

n j
2
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β
k0
---- ψ2 x( ) xTM,d

x j

x j 1+

∫








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=

ψ2 x( ) xd

x j

x j 1+

∫
d j

2
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2 1 k jd j

k jd jsin
k jd j
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2 1 k jd j

k jd jsin
k jd j
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  A jB j k jd j

k jd jsin
k jd j

-----------------sin+ ,

A j ψ j, B j ψ j' /k j.= =

Pzjj 0=
N∑
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tion or numerical evaluation of the resonance curve
width, which noticeably degrade the α calculation
accuracy.

COMPARISON OF RESULTS
In order to estimate the accuracy of our method, we

used it to calculate the propagation constant (effective

Table 1

ARROW-A: ns = 3.5, n1 = 1.45, n2 = 3.5, n3 = 1.45, nc = 1.0; d1 = 4.0, d2 = 0.1019, d3 = 2.0985, λ0 = 1.3 µm [3–5]

Mode
Present method Reference [2] Reference [2] (exact)

β/k0 loss, dB/cm β/k0 loss, dB/cm β/k0 loss, dB/cm

TE1 1.4417085 0.25 1.4417085 0.25 1.4417085 0.25

TE2 1.417524200 340.3 1.41798 270 1.4176 407

Table 2

ARROW-B: ns = 3.85, n1 = 1.54, n2 = 1.46, n3 = 1.54, nc = 1.0; d1 = 4, d2 = 0.3, d3 = 2, λ0 = 0.633 µm [6]

Mode
Present method Reference [2] Reference [2] (exact)

β/k0 loss, dB/cm β/k0 loss, dB/cm β/k0 loss, dB/cm

TE1 1.538252749 0.1083 1.5382528 0.11 0.5382527 0.11

TE2 1.53368551 97.48 1.5336896 95 1.5336856 98

Table 3

Two sided ARROW 1: ns = 3.8, n1 = 1.46, n2 = 2.3, n3 = 1.46, n4 = 2.3, n5 = 1.46, nc = 3.8;
d1 = 2, d2 = 0.088, d3 = 0.088, d4 = 4, λ0 = 0.633 µm

Mode
Present method Reference [2] Reference [2] (exact)

β/k0 loss, dB/cm β/k0 loss, dB/cm β/k0 loss, dB/cm

TE1 1.457852273 0.1052 1.4578523 0.11 1.4578523 0.11

TE2 1.451845190 96.87 1.4518589 76 1.4518454 98

Table 4

Two sided ARROW 2: ns = 3.16, n1 = 3.55, n2 = 3.16, n3 = 3.55, n4 = 3.16, n5 = 3.55, n6 = 3.16, n7 = 3.55, nc = 3.16;
d1 = 0.237, d2 = 2, d3 = 0.237, d4 = 4, d5 = 0.237, d6 = 2, d7 = 0.237, λ0 = 1.55 µm

Mode
Present method Reference [2] Reference [2] (exact)

β/k0 loss, dB/cm β/k0 loss, dB/cm β/k0 loss, dB/cm

TE1 3.154049689 0.5266 3.1540497 0.53 3.1540497 0.53

TE2 3.139384329 110.2 3.1393856 103 3.1393856 113

Table 5

Two sided ARROW 3: ns = 1.46, n1 = 2.3, n2 = 1.46, n3 = 2.3, n4 = 1.46, n5 = 2.3, n6 = 1.46, nc = 3.5;
d1 = 0.089, d2 = 2, d3 = 0.089, d4 = 4, d5 = 0.089, d6 = 2, λ0 = 0.6328 µm

Mode
Present method Reference [2] Reference [2] (exact)

β/k0 loss, dB/cm β/k0 loss, dB/cm β/k0 loss, dB/cm

TE1 1.457855835 0.06238 1.4578558 0.06 1.4578558 0.06

TE2 1.451870544 62.35 1.4518726 49 1.4518551 58
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index) and attenuation of TE modes in planar optical
waveguides the parameters of which was evaluated
with other different methods [2, 7, 8].

Tables 1–5 compare the parameters of the first two
TE modes of the available ARROWs that were calcu-
lated by our method with those borrowed from [2].

From Tables 1–5 it follows that, for the low-loss
fundamental TE1 mode, our results agree (within the
accuracy of data reported in [2]) with the results
obtained by the method developed in [2], including
those referred to as “exact.” For the TE2 mode, which
radiates much more strongly, our results are noticeably
closer to the “exact” ones.

To compare with recent more accurate data [7, 8]
obtained by numerically searching for complex roots of
dispersion relations (6), we analyzed the first 19 TE
modes of a three-layer ARROW [7] and the first six
modes of a nine-layer ARROW [7, 8]. The associated
results are listed in Tables 6 and 7.

The propagation constants (effective indices)
obtained with our approach are seen to completely
agree (to the tenth decimal place) with the solutions to
the complex dispersion equation obtained in [6, 7]. As
for losses (attenuation coefficient), agreement is
expectedly much worse: to the fourth–fifth decimal
place for low-loss modes and to the second–third deci-
mal place for modes with relatively high losses. How-
ever, such an accuracy in evaluating the attenuation
coefficient is quite sufficient for practical purposes. The
accuracy of our approach improves with decreasing
attenuation because of the resonant character of wave
interference in the ARROW cladding. Under reso-

Table 6

3-layer ARROW waveguide: ns = 3.85, n1 = 1.46, n2 = 2.30, n3 = 1.46, nc = 1.0;
d1 = 6.3λ0, d2 = 0.142λ0, d3 ≈ 3.15λ0, λ0 = 0.6328 µm

Mode
Present method Reference [7]

β/k0 α/k0 β/k0 α/k0

TE1 1.457941265 5.419587209 × 10–8 1.45794 5.4189 × 10–8

TE2 1.451919115 5.199112471 × 10–5 1.45192 5.2871 × 10–5

TE3 1.451174944 1.885212344 × 10–4 1.45117 1.9203 × 10–4

TE4 1.441371363 4.379243431 × 10–6 1.44137 4.3745 × 10–6

TE5 1.427413890 2.102732713 × 10–4 1.42741 2.1317 × 10–4

TE6 1.424450980 7.516176088 × 10–4 1.42445 7.6673 × 10–4

TE7 1.407680313 3.368141566 × 10–5 1.40768 3.3582 × 10–5

TE8 1.385654140 4.822274684 × 10–4 1.38565 4.8967 × 10–4

TE9 1.379006390 1.688517962 × 10–3 1.37900 1.7263 × 10–3

TE10 1.355673200 1.293284387 × 10–4 1.35567 1.2860 × 10–4

TE11 1.325099450 8.817196572 × 10–4 1.32510 8.9350 × 10–4

TE12 1.313214440 3.018813082 × 10–3 1.31320 3.0948 × 10–3

TE13 1.283292450 3.564870128 × 10–4 1.28330 3.5311 × 10–4

TE14 1.243206300 1.431140516 × 10–3 1.24321 1.4438 × 10–3

TE15 1.224199440 4.815467475 × 10–3 1.22418 4.9486 × 10–3

TE16 1.187203960 8.195186046 × 10–4 1.18720 8.0634 × 10–4

TE17 1.135928490 2.157567629 × 10–3 1.13592 2.1513 × 10–3

TE18 1.107020710 7.276317705 × 10–3 1.10700 7.4694 × 10–3

TE19 1.062409230 1.733843321 × 10–3 1.06241 1.6648 × 10–3

0.5

10–5

0.60.4

10–7

10–9

λ, µm

α/k0

Fig. 2. Attenuation coefficient of the first leaky mode of a
planar optical waveguide vs. the wavelength.
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nance, expression (14) closely approximates the power
radiated by the waveguide (loss power), the sharper the
resonance (in other words, the longer lived the mode
considered), the closer the approximation.

In the off-resonance case, the attenuation coefficient
calculated from Eqs. (11)–(13) differs significantly
from that obtained with dispersion relation (9), as dem-
onstrated by the parameters calculated for leaky modes
in a four-layer planar waveguide [7] (see Table 8).

The efficiency of the method proposed is demon-
strated in Fig. 2, which plots the wavelength depen-
dence of the attenuation coefficient for the first leaky
mode of a planar optical waveguide [11]. The 80-µm-
thick core of this waveguide with a refractive index of
1.46 is surrounded by a cladding consisting of 52 pairs
of layers 0.323 µm thick each with alternating refrac-
tive indices of 1.45 and 1.46.

CONCLUSIONS

A new approach to calculating the propagation
parameters of leaky modes in planar optical
waveguides and quantum semiconductor nanostruc-
tures is developed. The essence of this approach is that
(i) the standard transfer matrix method is replaced by an
exact finite-difference method proposed by the authors
and (ii) the attenuation coefficient of leaky modes is
calculated by a new approximate technique that yields

values asymptotically tending to the exact ones as the
attenuation decreases.

The accuracy of our method is compared with all the
available data for the effective index and attenuation
coefficient of ARROWs, and good agreement is
observed.

Based on the new approach, a high-accuracy numer-
ically efficient computer code is developed aimed at
calculating the effective indices and attenuation coeffi-
cients of arbitrary-order leaky waves in multilayer pla-
nar optical waveguides with an arbitrary number of lay-
ers. The feasibility of accurately evaluating the perfor-
mance of multilayer ARROWs is very important in
view of their potential use as components of integrated
optical devices.
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